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1. Introduction 

Warped product manifolds were introduced in general relativity as a 
method to find general solutions to Einstein's field equations [SI [22] . Two 
important examples include generalized Robertson- Walker space-times and 
standard static space-times. The former are obviously a generalization of 
Robertson- Walker space-times and the latter a generalization of the Einstein 
static universe. In this paper, we focus on Killing vector fields for standard 
static space-times. 

We recall that a warped product can be defined as follows [5l [22]. Let 
{B^qb) and {F,gp) be pseudo-Riemannian manifolds and also lei b: B ^ 
(0, oo) be a smooth function. Then the (singly) warped product, B Xi, F is 
the product manifold B x F furnished with the metric tensor g = qb® b^OF 
defined by 

g = 7r*{gB)®{bo7Tfa*{gF) 

where ir: B x F ^ B and a: B x F ^ F are the usual projection maps 
and * denotes the pull-back operator on tensors. A standard static space- 
time can be considered as a Lorentzian warped product where the warping 
function is defined on a Riemannian manifold called the base and acting 
on the negative definite metric on an open interval of real numbers, called 
the fiber. More precisely, a standard static space-time (^1,^2)/ x F is a 
Lorentzian warped product furnished with the metric g = —f'^dt'^ © gp, 
where {F^gp) is a Riemannian manifold, f:F^ (0, 00) is smooth and 
— oo<ti <t2^c«-Iii [22], it was shown that any static space-time is 
locally isometric to a standard static space-time. 

Standard static space-times have been previously studied by many authors. 
Kobayashi and Obata [20] stated the geodesic equation for this class of 
space-times and the causal structure and geodesic completeness was con- 
sidered in [2], where sufficient conditions on the warping function for non- 
spacelike geodesic completeness of the standard static space-time was ob- 
tained (see also [23]). In [1], conditions are found which guarantee that 
standard static space-times either satisfy or else fail to satisfy certain cur- 
vature conditions from general relativity. In [3], D. Allison considered the 
global hyperbolicity of standard static space-times and obtained sufficient 
conditions. The problems of geodesic completeness and global hyperbolicity 
of standard static space-times have been also studied by M. Sanchez in [28] 
with / = M where {F,gp) behaves at most quadratically (at infinity). The 
existence of geodesies in standard static space-times have been studied by 
several authors. Sanchez [27] gives a good overview of geodesic connect- 
edness in semi-Riemannian manifolds, including a discussion for standard 
static space-times. The geodesic structure of standard static space-times 
has been studied in [4] and conditions are found which imply nonreturning 
and pseudoconvex geodesic systems. As a consequence, it is shown that if 
the complete Riemannian factor manifold F satisfies the nonreturning prop- 
erty and has a pseudoconvex geodesic system and if the warping function 
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f:F^ (0,00) is bounded from above then the standard static space-time 
{a,b)f X F is geodesically connected. In [13], some conditions for the Rie- 
mannian factor and the warping function of a standard static space-time are 
obtained in order to guarantee that no nontrivial warping function on the 
Riemannian factor can make the standard static space-time Einstein. In a 
recent note [29], the authors discussed conditions for static Kilhng vector 
fields to be standard and then they obtained an interesting uniqueness result 
when the so called natural space (in the case of a standard static space-time, 
this is the Riemannian part) is compact. 

Two of the most famous examples of standard static space-times are the 
Minkowski space-time and the Einstein static universe [5l \T2\ [T9] which is 
M X S'^ equipped with the metric 

g = -dt^ + (dr^ + sin^ rdO"^ + sin^ r sin^ 9d(f) 

where is the usual 3-dimensional Euclidean sphere and the warping func- 
tion / = 1 (see Remark \2.19\} . Another well-known example is the universal 
covering space of anti-de Sitter space-time, a standard static space-time of 
the form Mj^ x where is the 3-dimensional hyperbolic space with con- 
stant negative sectional curvature and the warping function / : ^ (0, 00 
defined as /(r, 6, (p) = coshr [U [19]. Finally, we can also mention the Exte- 
rior Schwarzschild space-time [5l[19], a standard static space-time of the form 
Mj X (2m, 00) X where §^ is the 2-dimensional Euclidean sphere, the warp- 
ing function /: (2m, 00) x §^ — > (0,oo) is given by f{r,6,(j)) = \/l — 2m/ r, 
r > 2m and the line element on {2m, 00) x is 



In this article, we deal with questions of existence and characterization of 
Killing vector fields in standard static space time^. 

The problem of the existence of Killing vector fields in semi-Riemannian 
manifolds has been analyzed by many authors (physicists and mathemati- 
cians) with different points of view and by using several techniques. One 
of the recent articles of Sanchez (i.e, [25]) is devoted to provide a review 
about these questions in the framework of Lorentzian geometry. Another 
interesting results for Riemannian warped products can be found in [8] and 
for 4— dimensional warped space-times in [lOj . 

In [26] Sanchez studied the structure of Killing vector fields on a gener- 
alized Robertson- Walker space-time. He obtained necessary and sufficient 
conditions for a vector field to be Killing on generalized Robertson- Walker 
space-times and gave a characterization of them as well as an explicit list 
for the globally hyperbolic case. 



We would like to inform the reader that some of the results provided in this article 
were previously announced in the arXiv preprint service as [15] . 
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After this brief explanations of some of the major works in the geometry of 
warped products, especially in the geometry of standard static space-times, 
we will provide an outline of the paper below. 

In Section 2, we study Killing vector fields of standard static space-times. 
Firstly we show necessary and sufficient conditions for a vector field of the 
form hdt -|- ^ to be a conformal Killing (see Proposition \2.4\ - 
Then adapting the techniques of Sanchez in [26j to standard static space- 
times M = If X F, we give the structure of a generic Killing vector field on 
M in the central result of this section (see Theorem \2.8^ . Essentially, we 
reduce the problem to the study of a parametric system of partial differential 
equations (involving the Hessian) on the Riemannian part {F,gp). 
By studying on the latter system (see ()2.25p and (|2.30p ) and applying the 
well known results about the solutions (i^, u) of a weighted elliptic problem, 
with w G C^o, 

—AgpU = uwu on {F,gp). 

on a compact Riemannian manifold without boundary [F,gp), we charac- 
terize the Killing vector fields on a standard static space-time with compact 
Riemannian part in Theorem \2.18l More explicitly, if {F^gp) is a compact 
Riemannian manifold, then the set of Killing vector fields on a standard 
static space time If x F is 

{adt + k\a eR,K is a Killing vector field on (F, gp) and k{f) = 0}. 

In Remark, 12.191 we show that a relation between the result mentioned 
above and an article (see [3^) of R. A. Sharipov about Killing vector fields 
of a closed homogeneous and isotropic universe. 

In Section 3, as an application of our results in Section 2 we consider 
the question of the existence of non-rotating Killing vector fields on a stan- 
dard static space-time where the Riemannian part is compact and simply 
connected. 

In Appendix, we provide an equivalent expression of a general Killing 
vector field on a standard static space-time and an application of our results 
to the well known case of the Minkowski space-time. 

2. Killing Vector Fields 

We begin by stating the formal definition of a standard static space- 
time and then recall some elementary definitions and facts (see Section 3 
of [26]). But first, we want to emphasize some important notational issues. 
Throughout the paper / will denote an open connected interval of the form 
/ = {ti,t2) in M, where — oo < ti < ^2 ^ oo. Moreover, any underlying 
manifold is assumed to be connected. Finally, on an arbitrary differentiable 
manifold N, C^(A^) denotes the set of all strictly positive C°° functions 
defined on N and X{N) will denote the C°°(A^)— module of smooth vector 
fields on A^. 
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Definition 2.1. Let {F,gF) be an s-dimensional Riemannian manifold and 
/ : F ^ {0, oo) be a smooth function. Then n{= s + l)-dimensional product 
manifold I x F furnished with the metric tensor g = —f'^dt'^ ffi gp is called 
a standard static space-time and is denoted by // x F, where dt'^ is the 
Euclidean metric tensor on I. 

We will now define Killing and conformal-Killing vector fields on an arbi- 
trary pseudo- Riemannian manifold. Let {M,g) be an n-dimensional pseudo- 
Riemannian manifold and X G X(M) be a vector field on M. Then 

• X is said to be Killing if hx'g = 0, 

• X is said to be conformal-Killing if there exists a smooth function 
o" : M — > M such that Lxg = '^crg, 

where Lx denotes the Lie derivative with respect to X. Moreover, for any 
Y and Z in X{M), we have the following identity (see |22^ p. 162 and p. 61]) 

(2.1) Lxg{Y, Z) = giVyX, Z) + g{Y, VzX). 

Remark 2.2. On {I,gi = itdt^) any vector field is conformal Killing. Indeed, 
if X is a vector field on {I,gj), then X can be expressed as X = hdt for 
some smooth function h £ C°"{I). Hence, Lx5/ = '^crgi with a = h' . 

We will now state a simple result which will be useful in our study (see 
[26], [32] and page 126 of [tl]). 

Proposition 2.3. Let M = If x F be a standard static space-time with the 
metric g = f'^gi © gp, where gi = —dt^. Suppose that X,Y,Z € ^{I) and 
V,W,UeXiF). Then 

Lx+vg{Y + W,Z + U) = fL'xgj{Y,Z) + 2fV{f)gi{Y,Z) 

+ L^gF{W,U) 

Note that if h: / — > M is smooth and Y,Z(^ ^i^): then 

(2.2) Lhd,gi{Y,Z) = Y{h)gj{Z,dt) + Z{h)gi{Y,dt). 

By combining the previous statements we can prove the following: 

Proposition 2.4. Let M = If x F be a standard static space-time with 
the metric g = —f'^dt^ © gp- Suppose that h: I ^ W is smooth and V is 
a vector field on F. Then hdt + V is a conformal-Killing vector field on M 
with a € C°°(M) if and only if the followings are satisfied: 

(1) V is conformal-Killing on F with a G C°°{F), 

(2) h is affine, i.e, there exist real numbers fi and v such that hit) = 
^t + u for any t £ I, 

(3) V{f) = {a-^^)f. 

Proof. (1) follows from Proposition 1^. 31 by taking Y = Z = and a separa- 
tion of variables argument. On the other hand, from Proposition \2.3\ with 
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W = U = 0, (USD and RemarkESl we have {a - h')f = V{f). Hence, again 
by separation of variables, h' is constant and then (2) is obtained. Thus, (3) 
is clear. 

By using similar computations described as above, the converse turns out 
to be a consequence of the decomposition of any vector field on M, i.e., as 
a sum of its horizontal and vertical parts. □ 

Corollary 2.5. Let M = If x F be a standard static space-time with the 
metric g = — f'^dt^ ® Qf- Suppose that h: I ^ W is smooth and V is a vector 
field on F. Then hdt -\-V is a Killing vector field on M if and only if the 
followings are satisfied: 

(1) V is Killing on F , 

(2) h is affine, i.e, there exist real numbers /i and v such that h(t) = 
^t + V for any t £ I, 

(3) V{f) = -fif. 

Proof. It is sufficient to apply Proposition 12.41 with a = 0. □ 

Notation 2.6. Let /i be a given a continuous function defined on a real 
interval I. If there exists a point tQ £ I such that /i(to) 0) then Itg denotes 
the connected component of {t G / : h{t) ^ 0} such that ^ ho- 

In what follows, we will make use part of the arguments given in [26] 
(see also [10]) about the structure of Killing and conformal-Killing vector 
fields in warped products. In [26] by applying such arguments, M. Sanchez 
obtains full characterizations of the Killing and conformal-Killing vector 
fields in generalized Robertson- Walker space-times. In order to be more 
explanatory, we begin by adapting his procedure to our set of frame. 

Let {B^gs) and {F,gp) be two semi-Riemannian manifolds with dimen- 
sions r and s > respectively, and also let / € C^q{F) be. Consider the 
warped metric g = f^gs + gp on B x F . Given a vector field Z on B x F, 
we will write Z = Zb + Zp with Zb = {ttb^{Z),0) and Zp = {0,TTp^,{Z)), 
the projections onto the natural foliations (Bg = B x {q}, q £ F and 
Fp = {p} X F,p € B). Any covariant or contravariant tensor field lv on 
one of the factors {B or F) induces naturally a tensor field on B x F (i.e. 
the lift), which either will be denoted by the same symbol lo, or else (when 
necessary) will be distinguished by putting a bar on it, i.e, uJ. 

Proposition 2.7. (see Proposition 3.6 in j26j ) If K is a Killing vector field 
on AI = B f X F , then Kb is a conformal Killing vector field on Bg for any 
q £ F and Kp is a Killing vector field on Fp for any p £ B. 

Suppose that {Ca G 3i{B)\a = I,-- - ,r} is a basis for the set of all 
conformal-Killing vector fields on B and {A'^ € X{F)\b = I,-- - ,s} is a 
basis for the set of all Killing vector fields on F. 
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According to [26] (see also [8l Sections 7 and 8]), Killing vector fields on 
a warped product of the form M = Bf x F with the metric g = f^gs ® gp 
can be given as 



(2.3) K = ^l,''Ca + (t>^Kj^, 



where / G C°°(5) and e C°°(-F). 



Define Kb = il^°'Ca and K'f = (^^i^^- Moreover, i^^^ = gp{Kj^,-) and 



(2.4) 



Ca = gB{Ca,-)- 

Then Proposition 3.8 of [26j implies that a vector field K of the form (|2.3p 
is Killing on i?/- x if and only if the following equations are satisfied: 

raa + KF{e)_ = 

i4>^0k^ + Ca(^ fdij"" = 0, 

where Ca is a conformal-Killing vector field on B with Ua G C°°{B), i.e. 
L^.S'B = 2fTa5rB and = In/. 

Let {F^gp) be a Riemannian manifold of dimension s admitting at least 
one nonzero Killing vector field on {F^gp) and / G CJ^(-F). Thus, there 
exists a basis {K-j^ G X(F)j 6 = 1, • • • ,s} for the set of Killing vector fields 
on F. 

Let / be an open interval of the form / = (ti, t2) in where — oo < ti < 
t2 < oo furnished with the metric — dt^. Recalling Remark 12.21 we observe 
that the dimension of the set of conformal Killing vector fields on (/, —dt^) 
is infinite so that one cannot apply directly the above procedure due to M. 
Sanchez before observing that the form of conformal Killing vector fields 
on (I, —dt^) is explicit. Indeed, it is easy to prove that all the computa- 
tions are valid by considering the form of any conformal Killing vector field 
on (/, — dt^), namely hdt where h G C°°{I), instead of the finite basis of 
conformal Killing vector fields in the procedure of M. Sanchez . 

If we apply the latter adapted technique to the standard static space-time 
M = If X F with the metric g = f'^gj © gp where gi = — dt^, then a vector 
field K G X{M) is a Killing vector field if and only if K can be written in 
the form 

(2.5) K = i^hdt + /K^, 

where h and 4>^ G C°°{I) for any & G {1, • ■ ■ ,fn} and ^ G C°°{F) satisfies 
the following version of System (j2.4|) 

(2.6) J 



/iV + /ir^(ln/) = 
t>^(^gF{K^,-)+9i{hdt,-)^fdi^ = 0. 



Thus, in order to study Killing vector fields on standard static space-times 
we will concentrate our attention on the existence of solutions for System 
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Since = (/)'dt with / € C^{I) and gi{hdt, •) = -hdt, ^ is equiv- 
alent to 



(2.7) 



/iV + /if^(ln/) = 
/)'dt0 5F(K^,-) = /idt®/2d^, 



and by raising indices in the second equation, it is also equivalent to 

First of all, we will apply a separation of variables procedure to the second 
equation in (12. Sp . Recall that {K^^} -^^^-j^^— is a basis of the Killing vector fields 
in (F, gp). Thus by simple computations, it is possible to show that (j2.8l — b) 
implies the following equation for {(f)^)' 

(2 0) i^'nt) = [hit)-hito)h' + i^'nto), 

^ ' ' = I'Kt) + 5\ 

where 7^ and 6^ (= —h{to)"f'' + ((/)'')'(to), for some fixed to in /) are real 
constants for any choice of b where 1 < b <rn. 

The solutions of the first order ordinary differential equation in (|2.9p are 
given by 

(2.10) /(t) = 7^ /* h{s)ds + 6h + rf, 

Jto 

where rj^ are constant for all b. 

By introducing ()2.9p in (12.81 — 6), the last equation takes the following 
equivalent form: 

(2.11) hdt ® b'K^ - f grad^ i>]=dt® [-5%^] . 

Thus, by recalling again that is a basis of the Killing vector fields 

in (FjQf), there results three different cases, namely. 

h = 0: By (|2T0]) . dTH]) takes the form 



(2.12) 



( (a) (<^4 + 77'')ir^(ln/) = 

1 (^) '^"^b = 0. 

Since is a basis, (j2.12l — b) implies that for any b, we have 

<5^ = 0. 

Thus K = rf'Kj^, so that K is a linear combination of the elements 
in the basis {K^}^^^^— and consequently, it is a Killing vector field 
on {F.gp). 

h = ho^O constant: By (f2Tn]) . (fZB takes the form 
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(2.15) 



</.^%(ln/) = 

1 

ho 



(2.14) <p\t) = {^^ho+£)t + {rf__y%^ . 

Note that in particular, Equation (12.131 — b) implies that grad^ V 
is Killing on {F,gp) and gives the coefficients of f'^gvadpip with 
respect to the basis {Kj;} -^^^-j^^—. On the other hand, differentiating 
(|2.13l — g) with respect to t and then considering (j2.13l — 6). we obtain 

= (7% + <5^)%(ln/) 

= ^o/5F(gradp V,gradp/). 
Furthermore, (|2.14|) and (|2.13l - a) imply that 

..'^Jf^(ln/)=0. 

Hence, we proved that (j2.8p suffices to the following: 

( /€C~o(i^),V'eC-(F); 

f'^ gradp ^|: is a Killing vector field on {F,gp) with 
coefficients {t-^}^^-^^— relative to the basis {K-^}^^^^^—] 
(/2grad^V)(ln/)"=0; 
[ V6 : (t)^{t) = horh + cj^ with € R : a;^i^^(ln/) = 0. 

It is easy to prove that ()2.8p is also necessary for ()2.15p . 
Hence we proved that K = iphodt + <P^K^ is Killing if and only if 
(j2.15p is satisfied. 

h nonconstant: The procedure for this case is a generalization of the 
previous, namely. 

Since h is nonconstant, we can take to such that /i(to) 7^ and we 
will work on the subinterval Itg (see Notation \2.6\i . 
First of all, note that by applying the separation of variables method 
in (j2.1ip . the non -constancy of h implies that 



(2.16) 



7^%-/2grad^^ = 
yb:6^ = 0. 



Thus, by (f2lll . 



(2.17) (l)\t) =7" / /i(s)ds + T?^ 



to 
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On the other hand, by differentiating p. 81 — a) with respect to t and 
then by considering (j2.16p . we obtain 

/I'V + h{f gradp ^)(ln /) = 0. 

Besides, by considering (j2.16p . (j2.17p and again (|2.8I — a) there results 



h' — / h[s)ds 

J to 



^ + rf'K-^{\nf)=Q. 



(2.18) 



Thus, we proved that (j2.8p is sufficient to 



f'^gicadpip is a Killing vector field on {F,gp) with 
coefficients {r^}j^^j;^_ relative to the basis {i^j^j-^^j;^—; 
h"tp + h{f grad^^/T) (In /) = 0; 



V6 : /(t) = t" / h{s)ds + a;" with uj" G 



h' 



h 



h{s)ds 



to 



i: + uj'K-,{\nf)=QoiiIt,. 



(2.19) 



(2.20) 



(2.21) 



(2.22) 



It is easy to prove that (12. 8p is also a necessary condition for (|2.18p . 

on an interval where h does not take the zero value. 

h" 

It is not difficult to show that if is nonconstant, then ^/^ = 0. 

h 

Thus, 

K = (j^K-^ with 4^ it) = J and o;^ G M : a;%^(ln /) = 0. 
h" 

On the other hand, if — — = v \s constant, the second statement of 

h 

(pT8]) . namely 

/i'V + M/'grad^^)(ln/) =0, 
results equivalent to 



-h" 

if grad^ ^)(ln/) 



Thus, 



Kt) 



-ut 



V - - _|_ 5g 

at + 6 



-i/t 



uh 



if 

if = 0, 



where a and b are real constants. 

Hence, by ([238]) . (|239|) and (|2:22|) . the problem ([221) is equivalent 
to: (see Notation 12.61 for the definition of the interval Ito relative to 
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the function h) 



(2.23) 



(F),V^ = 0; 



to 



on where uj £ 



or 



f /GC-o(i^),V'GC-(F); 

gradjT' t/' is a Kilhng vector field on {F, gp) 
with coefficients {r^}j^^j;^_ relative to the 
basis 

(^) ^ (/^ gi'^'dj? V')(li^ /) = ^V' where i^is constant; 
h is given in ([222]); 

V6 : /(t) = / /i(s)ds + with € M : 



/i'(to)^ + u;^%(ln/) = Oon/t,. 

It is easy to prove that if a set of functions /i, ip and {(/>j}j^^jj^_, satisfy 
(j2.23p with a real interval / instead of It^, then (j2.7p is verified, that is, 
the vector field given by (j2.5p on a standard static space-time of the form 
M = 1/ X F is Kilhng. 

Hence, in the precedent discussion we proved the following result. 

Theorem 2.8. Let {F,gp) be a Riemannian manifold, f € C^(-F) and 
{Kj^} ^^-j^^— a basis of Killing vector fields on {F,gp). Let also L be an open 
interval of the form L = (ti,t2) in IK, where —oo < ti < t2 < oo. Consider 
the standard static space-time Lj x F with the metric g = —f^dt^ ® gp- 
Then, any Killing vector field on Lf x F admits the structure 



(2.24) 



K = ^hdt + (P^Kj- 



where h and (jJ" £ C°°{L) for any b £ {!,■■■ ,m} and ip £ C°°{F). 

Furthermore, assume that K is a vector field on Lf x F with the structure 
as in (p:2i]) . Then, 

(i) if h = 0, then the vector field Li = p^Kj^ is Killing on the standard 

static space-time Lf x F if and only if the functions 4>^ are constant 

and cP^K^{lnf) = 0. 

(ii) if h = ho ^ is constant, then the vector field K = tph^dt + (p^K-j^ is 
Killing on the standard static space-time Lf x F if and only if ()2.15p 
is satisfied. 

(iii) if K is a Killing vector field on the standard static space-time Lf x F 
with the nonconstant function h, then the set of functions h, ip and 
{'^}i<fe<rn satisfy p.23p for any to £ L with h{to) 7^ 0. 

Conversely, if a set of functions h, if) and {(/)^}^^^^_, satisfy 
(|2.23p with an arbitrary to in L and the entire interval L (instead 
of Liq), then the vector field K on the standard static space-time 
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If X F associated to the set of functions as in (I2.24p is Killing on 
IfxF. 

By completeness we consider in the fohowing lemma the case where the 
Riemannian manifold {F^gp) admits no non identically zero Killing vector 
fields. 

Lemma 2.9. Let [F^gp) he a Riemannian manifold of dimension s and 
f € CyQ{F). Let also I be an open interval of the form I = (ti,t2) in 
M, where — oo < ti < t2 < oo. Suppose that the only Killing vector field 
on (F, gp) is the zero vector field. Then all the Killing vector fields on the 
standard static space-time If x F are given by h^dt where ho is a constant. 

Proof. Indeed, by Proposition 12.71 if is a Killing vector field on If x F, 
then K = iphdt where ijj G C°°{F) and h G C°°{I). Then, by similar 
arguments to those applied to the system (|2.8p . a vector field of the latter 
form is Killing if and only if the following equations are verified 

f (a) h'ip = 

\ (6) hdt^f^gradp 11^ = 0. 

As an immediate consequence, either h and il^ are constants or -0 = 0. □ 

Remark 2.10. If the Riemannian manifold (F,gF) admits a nonidentical 
zero Killing vector field, then the family of Killing vector fields obtained in 
Corollary 1^.51 corresponds to the case of "0 = 1 in Theorem \2.8\ (Hi). Thus, 
(|2.23p implies that u = and = for any b and also h{t) = at + b is 
affine and c/)^ = lo^ is constant such that (p^K-j^lln f) = (p^K-fjiln f) = —a. The 
latter conditions agree with those in Corollary \2.5[ 

In other words, if u is nonzero, then the family of Killing vector fields in 
Theorem \2.8\ (Hi) are different form those in Corollary \2.5\ they correspond 
to the so called non-trivial Killing vector fields in |26j . 

Remark 2.11. Let / G C^q{F) be smooth. For any z/ G M, we consider the 
problem given by 

{/^ grad^ -0 is a Killing vector field on {F, gp); 
(/2grad^V)(ln/) = i^V'; 
G C^iF); 

and define /Cj = {'0 G C°"{F) : ip verifies (|2.25p }. It is easy to show that 
/Cj is an M— subspace of C°°{F). In particular, if ^/^ G ICj then 

(2.26) (/2 grad^ A V)(ln /) = Ai/ 0, VA G M 
Consequently, if {r^}^^^^_ is the set of coefficients of the Killing vector field 
/^grad^V' with respect to the basis and A G M, then 

(2.27) - XuiP + u/K^ilnf) = 0, 
where co^ = Ar^, for any b. 
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Notice that, this is particularly useful in order to simplify the hypothesis 
of ([2:23]) when u ^ 0. 

In order to analyze the existence of nontrivial solutions for the problem 
(j2.25p (notice that this is relevant in ()2.23|) and ()2.15p ). we introduce the 
following notation. 

Notation 2.12. Let {F,gF) be a Riemannian manifold. Suppose that Z G 
X{F) is a vector field on (F, gp) and ip G C°°{F) is a smooth function on F. 
Then define a (0,2)-tensor on F as follows: 

(2.28) S|(-, •) := d(^(-) ® gpiZ, •) + gpi; Z) ® 

Proposition 2.13. Let {F,gp) be a Riemannian manifold, f G C^(-F) and 
■0 G C°°{F). Then the vector field f'^gradpip is Killing on (F,gp) if and 
only if 

(2-29) H^ + )<ad,V' = 0, 

Proof. We begin by recalling two results. For all smooth functions if G 
C7°°(F) and vector fields X,Y e X(F), we have 

U^piX,Y)=gFiV^gmdpip,Y) = h^,,^^ ^gFiX,Y). 

Moreover, for any vector field Z G X(F), the following general formula 
can be stated. 

L<p^fi'F(-, •) = ^pLzgpi-, •) + dip{-) ® gpiZ, ■) + gpi-, Z) ® d(^(-). 

By applying the latter formulas to the vector field f'^Vpip^ obtain the 
following: 



grad^ jIj9F = f Lgrad^ + -^gradj, ^ = 2/ 



f 



f 

-"grad^ V 



Then one can conclude that grad^ i/' is a Killing vector field on {F,gp) if 
and only if (|2.29p is satisfied. □ 

In order to study Killing vector fields on standard static space-times, 
notice the central role of the problem given below, i.e, (|2.30p which ap- 
pears throughout Theorem \2.8\ Proposition \2.13\ and the identity stated as 
/5F(grad^V,grad^/) = (/ grad^ V)(/), 

' feC^o{F),i;eC^{F); 

(2.30) 



H"^ + 1 r/ - n- 

"-F + j^grad^V ~ ^' 



. /^^(gradp ip, gradp' /) = where u is a, constant. 

Remark 2.14. By Proposition \2.l3[ if the dimension of the Lie algebra of 
Killing vector fields of {F,gp) is zero, then the system (I2.30p has only the 
trivial solution given by a constant "0 (this constant is not only if = 0). 
This happens, for instance when {F,gp) is a compact Riemannian manifold 
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(2.31) - Ag^^lJ = u-^i; on {F^gp) 



of negative-definite Ricci curvature without boundary, indeed it is sufficient 
to apply the vanishing theorem due to Bochner (see for instance [9], [6l 
Theorem 1.84] or [241 Proposition 6.6 of Chapter III]). 

Lemma 2.15. Let [F^gp) he a Riemannian manifold and f S C'^q{F). 
If (z^, "0) satisfies ()2.30p . then v is an eigenvalue and is an associated 
v—eigenf unction of the elliptic problem: 

2 

P 

Proof. First of all, note that 

(2.32) b[^^^^ ^ = d/ ® d^ + d^ ® d/, 
then by taking the gp— trace of the both sides, we have: 

(2.33) trace S^^^j^^ = 2gFigr&dpij,gradp f). 

Thus, by taking the gp— trace of the first equation in (j2.30p and then by 
applying the second equation of (|2.30p . we obtain (|2.3ip . Hence, belongs 
to the spectrum of the weighted eigenvalue problem (j2.3ip . □ 

Remark 2.16. Let {F,gp) he a Riemannian manifold. 

i: Notice that similar arguments to those applied in Lemma [2.151 allow 
us to prove that the system (|2.30p is equivalent to 

f eC^o{F),^l:eC^{Fy, 



(2.34) 



H*^ _L i r/ - n. 

2 

-Ag^V ~ ^Tf^ where v is a constant. 



P 

ii: Assuming ([2.34p (or equivalently ([2.30p ). if p G F is a critical point 
of / or ■0, then = or ip{p) = 0. 

Proposition 2.17. Let {F,gp) be a compact Riemannian manifold and f € 
CyQ{F). Then (I'jip) satisfies ([2.30p if and only if i/ = and ip is constant. 

Proof. The necessity part is clear, so we will concentrate our attention on 
the sufficiency part. 

First of all, notice that by the second equation of (|2.30p . if p G F is a 
critical point of ip, then i'ip{p) = 0. Then, since {F^gp) is compact, there 
exists a point po ^ F such that V'(Po) = inf p ip and consequently, uipipo) = 0. 

On the other hand, by applying Lemma \2.15\ one can conclude that u is 
an eigenvalue and ip is an associated z^— eigenfunction of the elliptic problem 
([2.3ip . Besides, since {F,gp) is compact, it is well known that the eigenval- 
ues of (I2.3ip form a sequence in M>o and the only eigenfunctions without 
changing sign are the constants corresponding to the eigenvalue 0. 

Thus, if ip{po) > 0, then u = and ^l' results a nonnegative constant. 
Alternatively, if ip{po) < 0, then uip^po) = 0, so = 0. As a consequence of 
that, ip \s a negative constant. □ 
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Theorem \2.8\ and Proposition 2.17\ provide the characterization of the 
Kilhng vector fields on a standard static space-time when its Riemannian 
part is compact (compare the result with Corollary [27l 



Theorem 2.18. Let [F^gp) he a Riemannian manifold, f € C^(-F) and 
I be an open interval of the form I = (ti,t2) in where — oo < ti < 
t2 < oo. Consider the standard static space-time If x F with the metric 
g = — /^dt^ gp- If {F,gp) is compact then, the set of all Killing vector 
fields on the standard static space-time {M, g) is given by 

{adt -\- K\a (zM,K is a Killing vector field on (F, gp) and K{f) = 0}. 

Proof. If {F,gp) has only the zero Killing vector field, the result is an easy 
consequence of Lemma 12.91 

Let us consider now the case there exists a basis for the space 

of Killing vector fields on (F,gp). Theorem \2. <^ and Proposition \2.17\ imply 
that a vector field K on the standard static space-time (M, g) is Killing if 
and only if it admits the structure 

(2.35) K = i^hdt + /K^, 

where 

(1) h{t) = at -\-h with constants a and 6; 

(2) 'i/' is constant; 

(3) (j)^ are constants satisfying aijj + (fy^K-^ilnf) = 0. 

Since {F,gp) is compact, then iniplnf is reached on a point po € F. Set 

K = (t>^Kj^- So i^(ln/)|pQ = and by (3) a = or -0 = 0. Hence we proved 
that all the Killing vector fields on If x F are given by a Killing vector field 

on {F, gp) plus eventually a real multiple of dt- Note that ^(In /) = -jK{f), 
so by (3) k{f) =0. □ 



Remark 2.19. (Killing vector fields in the Einstein static universe) In |30j . 
the author studied Killing vector fields of a closed homogeneous and isotropic 
universe (for related questions in quantum field theory and cosmology see 
[nilllllllllZI]). Theorem 6.1 of [50] corresponds to our Theorem [2^ for 
the spherical universe M x S'^ with the pseudo-metric —{R^dt'^ — R^ho), where 
the sphere S'^ endowed with the usual metric ho induced by the canonical 
Euclidean metric of and i? is a real constant (i.e., a stable universe). 

As we have already mentioned in Remark \2.14\ any Killing vector field of 
a compact Riemannian manifold of negative-definite Ricci tensor is equal to 
zero. Thus, one can easily state the following result. 

Corollary 2.20. Let M = If x F be a standard static space-time with the 
metric g = —f^dt'^ © gp. Suppose that {F,gp) is a compact Riemannian 
manifold of negative-definite Ricci tensor. Then, any Killing vector field on 
the standard static space-time {M,g) is given by adt where a G M. 
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3. Non-rotating Killing vector fields 

In this section we apply Theorem 12.181 of Section 2 to the analysis of 
non-rotating Killing vector fields on standard static space-times also called 
static regular predictable space-times in [I9l p. 325] (also see a recent article, 
i.e, [29] for a related question). 

We first recall the definition of the curl operator on semi-Riemannian 
manifolds as: if 1/ is a vector field on a semi-Riemannian manifold {M,g), 
then curly is the 2-covariant tensor field defined by 

(3.1) cuvlV{X,Y) ■.= g{VxV,Y)-g{VYV,X), 

where X, 1" G X{M) (see for instance [22^ I17j). Thus, it is easy to prove 

(3.2) cuT\{cl)V)iX,Y) = X{4>)g{V,Y)-Y{cl))g{V,X) 

+ (j)cnrlV{X,Y), 

where X,Y are as above and (p € C°°(M). 

We will follow the next definitions (see [171 [18] ) : A vector field V on the 
semi-Riemannian manifold (M, g) is said to be 

non-rotating: if curl V{X, Y) = for all X,Y e X(M). 
orthogonally irrotational: H if cuiclV{X,Y) = for any X,Y € 

X(M) orthogonal to V. This condition is equivalent to "1/ has inte- 
grable orthogonal distribution". 

Notice that being orthogonally irrotational is necessary for being non- 
rotating. Furthermore (j3.2p implies that if V is orthogonally irrotational, 
then so is (pV for any (j) € C^(M). Indeed, since (j) does not vanish, X is 
orthogonal to (pV if and only if it is orthogonal to V. 

However, if V is non-rotating then, (j)V is not necessarily non-rotating for 
some (p G C^o{M) (see dO]) ). 

Proposition 3.1. Let k be a Killing vector field on the standard static space- 
time {R X F,g := -fdt^ + gp) such that (curlK)(X,y) = for all X,Y 
orthogonal vector fields to dt defined on (Mx F^g). If [F^gp) is compact and 
simply connected, then k = adt where a is a real constant. In particular, k 
becomes time-like if 0. 

Proof. First of all we observe that it is easy to prove the following identity. 

(3.3) -f^gvadt = dt. 



in [171 [18] this condition is called irrotational. 
'In [221 [29] this condition is called irrotational. 
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Thus by using (|3.2p . 
(3.4) {cmldt){X,Y) 



(curl/2(-gradt)) {X,Y) 



/2(curlgradt)(X,y), 




9{dt,X) 



=0 



^f'Ko Y) 

j2—9[ot,y) — -p- 



9{dt,X). 



Hence 



(3.5) 



{cmldt){X,Y) = for all X,Y orthogonal 
vector fields to dt on (M x F,g), 



i.e., dt is orthogonally irrotational. Up to this point, we have not considered 
the compactness and the simply connectedness of the Riemannian part. 

Notice that letting k be a Killing vector field on (R x F,g) with {F,gp) 
compact. Theorem [2718] implies that k = adt+K where a is a constant and K 
is a Killing vector field on [F, gp) with K{f) = 0. Hence and recalling that 
(curlK)(X, y) = for all X,Y orthogonal vector fields to dt on (M x F,g), 
the curl on (M x F, g) is linear and ()3.5p , we obtain that 



for all X, Y orthogonal vector fields to dt on (M x F,g). It is clear that the 
lifts of the elements in 2i{F) verify the latter condition and as consequence 



On the other hand, by the well known relations between the Levi-Civita 
connections on {F,gF) and on the warped product (M x F, —f'^dt^ + gp) 
(see for instance [22] p. 206 Proposition 35) and by the definition of the 
curl, there results cut\f K = (curl^? denotes the curl on the Riemannian 
manifold (F,gp)), i.e. K is non-rotating on (F,gF). Furthermore, when 
{F,gp) is simply connected, then K is a gradient (see [7]), i.e. there exists 

e C°°(F) such that gradV' = K. 

Since K \s a, Killing vector field on the Riemannian manifold {F,gp) 
and is the gradient of a function ■0 G C°^{F), then Proposition 12.131 (with 
/ = 1) implies that the Hessian Hp = on F. Besides that if i*" is a compact 
Riemannian manifold without boundary, then by taking the ^i?— trace of Hp 
and applying the maximum principle one can deduce that V is a constant 
and consequently, K = 0. 

Thus we have established that k = adt, where a is constant. □ 

Notice that ()3.4p implies that dt is non-rotating on the standard static 
space-time of the form (M x F, —f'^dt^ + gp) if / is a positive constant. 
Hence, we can state and prove the following lemma. 



(3.6) 



cm\K{X,Y) = 0, 



([Ml). 
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Lemma 3.2. dt is non-rotating on the standard static space-time of the 
form (M X F, g := —f'^dt^ + gp) if and only if f is a positive constant. 

Proof 1. First of all we recall g{dt,dt) = — Then, by the hypothesis and 
the properties that characterized the Levi-Civita connection, for any vector 
field Z on (Rx F,g := -f'^dt^ + gp) the following holds 

= cMtjdt, Z) = gjVaA, Z) - g{Vzdudt) 



(3.7) 



g{VeA,Z) + \zf\ 



So, by the definition of the gradient operator denoted by grad, 

(3.8) _Va,at = ^grad/2. 

Now, by applying \12\ p. 206 - Proposition 35] or \\.4\ Theorem 3.4] as above, 

(3.9) - VaA = -Vl,-'''"^dt+f{-dt^m,dt)gr:adf = -^grad/^. 

-1 

The latter and the expression p.8p imply grad = 0, more explicitly / is 
a positive constant. □ 



Proof 2. An alternative and simpler proof follows from (|3.4|) . Indeed, an 
immediate consequence of the latter is 

(3.10) (curl9i)(ai,Z) =Z(/2), 

for any vector field Z on (R x F,g := —f'^dt^ + gp)- Thus, if dt is non- 
rotating, then / is a positive constant. □ 

Corollary 3.3. Let {F,gp) be a compact and simply connected Riemann- 
ian manifold. If f C^(M) is nonconstant, then there is no nontrivial 
(non-identically zero) non-rotating Killing vector field on the standard static 
space-time {R x F,g := —f'^dt^ + gp). 

Proof. In order to apply Proposition 13. H it is sufficient to note that if k 
is a non-rotating Killing vector field on {R x F,g := —f'^dt^ -\- gp), then 
(curlfi:)(X, y) = for all X,Y orthogonal vector fields to dt on (M x F,g). 
Thus, curlK = acurl^t = 0. So, by Lemma 13.21 k = or / is a positive 
constant. □ 

Remark 3.4. Notice that in Proposition 13.11 the involved vector fields nec- 
essarily turn out to be causal (i.e., non-space- like) . The conclusion would 
be wrong if we eliminated the simply connectedness. For example, consider 
the vector field adt + de where a < 1 on (M x S^, -dt^ -|- d^^). This is a 
non-rotating Killing vector field and yet not time- like due to a < 1, so its 
pseudo-norm is — -|- 1 > 0. 
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4. Conclusions 



It is very well known that a space-time possesses a symmetry if it admits 
a Killing vector fields. Thus existence and characterization problems of 
Killing vector fields are extremely important in the geometry of space-times. 
Therefore, we considered Killing vector fields of standard static space-times 
and roughly proved that if a vector field K on the space-time is Killing, then 
K has to be of the form: 



In Theorem \2.8\ we have characterized the solutions of the latter system. 
We remarked the centrality of the problem (j2.25p or equivalently (|2.30p and 



As a consequence of Theorem \2.8\ and the well known results about the 
eigenvalues and eigenfunctions of a positively weighted elliptic problem on a 
compact Riemannian manifold without boundary, we also provided a char- 
acterization of the Killing vector fields on a standard static space-time with 
compact Riemannian part in Theorem \2.18l Note that by combining this 
theorem with the vanishing results of Bochner (see Remark \2.14\) , we obtain 
that in a standard static space-time with compact Riemannian part of neg- 
ative Ricci curvature without boundary, the unique Killing vector fields are 
time-like of the form cdt where c G M is constant. 

Furthermore, in Corollary 13.31 we show that there is no non trivial non- 
rotating Killing vector field on a standard static space-time where the so 
called natural space is compact and simply connected. 



Suppose that ^ is a module over a ring and W C If F G then 
we will use the following notation V + W = {V + W:W£ W}. 

Let {F^gp) be a Riemannian manifold of dimension s. Consider the Lie 
algebra of Killing vector fields on {F,gp) denoted by J^. Given ip,ip £ 
C°^{F) we denote 




(l23iD . 



Appendix A. 



(A.l) JT/ = G ^ : K{^) = i^}. 

is an M— subspace of Jif (it is also a sub-Lie algebra of Jif). 
By linear algebra arguments, it is clear that 



(A.2) jr/ = ie + jrj 



where K G J(f[i is fixed. 
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Let US assume the hypothesis of Theorem 12.81 where (z/, -0) is a sohition of 
([225]). Then, by Theorem ESI and (lA?2]) . the set of Kihing vector fields on 
If X F is given by 

(A.3) iphdt+ I h{s)dsfgTadip + K + jei°f, 

Jtn 



where K G ^^^j''^*"^'^ is fixed. 



If 7^ 0, then K may be taken as / grad^/'. Indeed, this is an 

immediate consequence of (/2gradp'(/')(ln/) = in (l2:23D . 
Notice that the description of the Kilhng vector fields on standard static 
space-times given by ()A.3P shows up again in the centrality of the problem 
(j2.25p (and naturally of the equivalent problems ()2.30p and (|2.34p ) in the 
study of this question. 

Example A.l. {Killing vector fields in the Minkowski space-time) Let {F^gp) 
= (]R*,(/o) where g^ is the canonical metric and / = 1 be. Thus, it is easy 
to show that the solutions of (|2.34p are (z^, ip) where z/ = or -i/' = 0. 
Furthermore if = 0, then ^/'(x) = c*Xj + d where Vi : 1 < i < s, c* € M and 
d G M. Recah that for = 0, h{t) = at + b where a, 6 € M. 

On the other hand, the condition K G equivalent to 

h'{to){dxi + d) = Q. 

Hence, all the Killing vector fields of the Minkowski space-time are 
{dxi + d){at + h)dt + I {as + b)ds ddi + J(f , 

where a, 6, q, d G M satisfy a{dxi + d) = 0. Precisely, these are 

{c'xi + d)dt + {t- to) c'di + 
or equivalently (taking to = 0) 

c' ixidt + tdi) +ddt + .j^, 

Lorcntz boosts 

where Cj, d G M. Thus the dimension of the Lie algebra of the Killing vector 
fields of the Minkowski space-time is s + 1 + s(s + l)/2 = (s + l)(s + 2)/2. 
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